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We show the low-lying excitations at filling factor ν = n + 1/3 with realistic interactions are
contained completely within the well-defined Hilbert space of “Gaffnian quasiholes”. Each Laughlin
quasihole can thus be understood as a bound state of two Gaffnian quasiholes, which in the lowest
Landau level (LLL) behaves like “partons” with “asymptotic freedom” mediated by neutral exci-
tations acting as “gluons”. Near the experimentally observed nematic FQH phase in higher LLs,
quasiholes become weakly bounded and fractionalise with rich dynamical properties. By studying
the effective interactions between quasiholes, we predict a finite temperature phase transition of
the Laughlin quasiholes even when the Laughlin ground state remains incompressible, and derive
relevant experimental conditions for its possible observations.
PACS numbers: 73.43.Lp, 71.10.Pm
Strongly interacting topological systems in low-
dimensions open doors to many exotic physics, partic-
ularly from the topological and geometric properties of
low-lying excitations [1–3]. The fractional quantum Hall
effect (FQHE) [4] is one such example, where a wide vari-
ety of topological phases can be realised from interactions
between electrons under a strong magnetic field perpen-
dicular to a two-dimensional manifold [5, 6]. A number
of innovative techniques have been developed to under-
stand both the universal topological properties and their
dynamical robustness [7–15]. These are all fundamen-
tally non-perturbative approaches, because the kinetic
energy of the system is completely quenched by the mag-
netic field, leaving behind only the effective interaction
in a single Landau level (LL) [16].
Given that the electrons themselves are no longer good
degrees of freedom, the challenge is to find suitable “ele-
mentary particles” not perturbatively connected to elec-
trons. Approaches along this line include the earlier hi-
erarchical pictures of the FQHE [7–10], and later the in-
tuitive composite fermion (CF) theory in successfully ex-
plaining many experimental observations, especially in
the lowest LL (LLL) for Abelian FQH states [11–13].
Extension to higher LLs (e.g. with the parton theory)
and non-Abelian FQH states are also possible [17–20],
though they are technically more involved presumably
because CFs also start interacting strongly. Alternative
approaches with the Jack polynomial formalism (and the
LEC construction as a generalisation) seek a more mi-
croscopic understanding of the FQHE [14, 15, 21–23]. In
these approaches, many universal topological properties
of the FQHE can be determined algebraically without
involving specific local operators (e.g. Hamiltonians).
Interestingly, after identifying the model wavefunctions
from this algebraic approach, we can in many cases con-
struct model Hamiltonians for which the model wave-
functions are exact zero energy states [10, 24]. The al-
gebraic approach is particularly useful in understanding
non-Abelian FQHE, and has some fundamental connec-
tions to the conformal field theory [25, 26]
In this Letter, we propose to understand and analyse
the dynamics of the FQH phases using the quasiholes of
apparently unrelated FQH phases, justified by the micro-
scopic and algebraic relations revealed by the LEC con-
struction [15]. We focus on the familiar Laughlin phase at
filling factor ν = n+1/3, and predict rich dynamical phe-
nomena with realistic interactions in the LLL and 1LL.
In particular, the experimentally observed nematic FQH
phase [27] can be identified as the quantum critical point
(QCP) separating the conventional Laughlin phase and a
Haffnian-like phase. Near the QCP, Laughlin quasiholes
can fractionalise into “Gaffnian” [28] quasiholes carrying
e/6 charge each. The interactions between quasiholes are
analysed in details, leading to the prediction of a finite
temperature quasihole phase transition with several ex-
perimental signatures.
Low-lying excitations in the Laughlin phase – In the
LLL we can understand the physics of the Laughlin phase
from its model Hamiltonian (the Vˆ 2bdy1 Haldane pseu-
dopotential). However, it is less clear what can happen
when the Hall plateau is observed with realistic inter-
actions far away from Vˆ 2bdy1 . We first establish here
for a wide range of interactions, the ground state and
the low-lying excitations at ν = n + 1/3 lives (almost)
entirely within the Gaffnian quasihole (GQ) subspace.
This subspace is defined algebraically with LEC condi-
tion {2, 1, 2}∨{5, 2, 5} [15, 23]. It coincides with the null
space (the GQs) of the Gaffnian model Hamiltonian Hˆg,
so we denote the subspace as HG.
We demonstrate this by calculating the spectrum of
the 1LL Coulomb interaction Vˆ1LL using HG and com-
pare it to the full Hilbert space spectrum (see Fig.1a-b,
with numerics on spherical geometry[10]. The variational
energies from the subspace agree with the exact energies
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FIG. 1: Top row – Second Landau level spectrum with exact
diagonalization (ED) on the full Hilbert space (black lines)
and on the LEC subspaces {2, 1, 2} (Laughlin state, red filled
circles) and {2, 1, 2} ∨ {5, 3, 5} (GQs, blue empty circles) for:
(a) ground state (b) one quasihole. Bottom row – Wave-
function overlap of the ground state of the ground state of
Hˆ(λ) = (1 − λ)Vˆ 2bdy1 + λVˆ1LL with the Laughlin wavefunc-
tion (blue line), with the GQ subspace (green line), and the
GQ subspace orthogonal to the Laughlin state (orange line)
for: (c) ground state (d) one-quasihole state.
from the full Hilbert space very well for the low-lying
states, in contrast to the energies from Laughlin model
wavefunctions. That the low-lying states with Vˆ1LL are
contained within HG can also be seen from the wavefunc-
tion overlaps. With long range interactions beyond VˆLLL
the model wavefunctions for the Laughlin ground state
and quasihole states have rather poor overlap to the true
eigenstates of the interaction[17, 29]. While dressing the
Laughlin model states with one or two neutral excitations
can improve the overlaps to some degree [20], we find that
the cumulative overlap in the Gaffnian subspace, defined
as OG(|ψ〉) =
√∑
|φ〉∈HG | 〈ψk|φ〉 |2, is close to unity
(see Table I and Fig.1). One should note in the ther-
modynamic limit, the GQ subspace is of measure zero.
Even for finite systems, it is quite nontrivial to have such
high overlap decreasing slowly with system sizes within a
subspace containing a small fraction of states in the full
Hilbert space.
The numerical evidence strongly suggests in a wide
range of realistic interactions where interesting physics
are observed at ν = n + 1/3, the low-lying excitations
are quantum fluids made of “GQs”. At this filling fac-
tor, each GQ carries a charge of e/6 with respect to the
Laughlin ground state (i.e. a charge of e/5 with respect
to the Gaffnian ground state) [30]. Thus a Laughlin
quasihole (LQ) can be viewed as a bound state of two
GQs.
Dynamics of Gaffnian Quasiholes – We know
that HG is spanned by fermionic Jack polynomials
Jαλ (z1, z2, · · · , zNe) with α = −3/2 and root configura-
(Ne,No) (10,28) (10,29) (11,31) (11,32)
OL 0.54 0.47 0.70 -
OG 0.97 0.89 0.97 -
dim(HG)/dim(H) 0.091 0.077 0.039 0.041
TABLE I: The overlap of the 1LL ground state with the
Laughlin state, OL = | 〈ψ1LL|ψLaughlin〉 | and the total over-
lap with the GQ subspace for the Laughlin ground states and
one-quasihole states. The last row shows the dimension of
the Gaffnian subspace used for calculation compared to the
dimension of the full Hilbert space in the corresponding L
sector.
tions λ satisfying no more than two electrons for every
five consecutive orbitals [14]. Some physical properties
of these states can be read off from the root configura-
tions. The Gaffnian ground state has the root configu-
ration λ = 1100011000 · · · 110001100011. Here each digit
correspond to an orbital on the sphere, with the left most
digit corresponding the north pole and the right most
digit the south pole. The digit “1” implies that the or-
bital is occupied by an electron, while the digit “0” means
the orbital is empty.
The quasiholes can be created by inserting fluxes (or
“0’s”) to the ground state root configuration. Adding one
flux creates two quasiholes, with two examples as follows:
1◦0◦11000 · · · 1100011, 1◦10100 · · · 101001011◦ (1)
Here the positions of the quasiholes are marked by empty
circles[31]. The two quasiholes can either form a bound
state or be separated.
We now turn our attention to the Laughlin ground
state, which has the root configuration:
1◦1◦001◦001◦001◦00 · · · 1◦001◦001◦001◦1◦ (2)
The Laughlin ground state can be seen as a rotation-
ally invariant quantum fluid of GQs on the sphere. It
has an excess of Ne/2 + 1 orbitals (where Ne is the elec-
tron number), implying the number of GQs it contains
is NGqh = Ne + 2. Adding one flux into (2) at the north
pole yields one LQ as follows[31]:
1.
O
. 0◦1◦001◦001◦001◦00 · · · 1◦001◦001◦001◦1◦ (3)
Here the LQ is denoted by the empty triangle. Recall
that adding one flux is also equivalent to adding two GQs
- the additional GQs are denoted by red crossed circles.
In this configuration, the two GQs are on top of each
other, forming the bound state at the north pole that is
the LQ.
Splitting the GQ pair can be achieved by violating the
admissibility rule of the Laughlin state, while still satis-
fying the admissibility rule of the Gaffnian state. One
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FIG. 2: Top row – Variational energy difference between
bounded (ENN ) and unbounded (ENS) GQs, plotted against
system size. Bottom row – The energy cost to separate the
two GQs plotted against the number of neutral excitations
between them, for systems with 10 electrons and 28 orbitals.
example is given as follows:
1. 1◦
O
0◦10
H
10◦0
O
0◦10
H
10◦0
O
0◦ · · · 10
H
10◦0
O
0◦10
H
10◦1◦
O
1. (4)
The solid triangles give the positions of Laughlin
quasiparticles[31]. Given any microscopic Hamiltonian,
the variational energies of the corresponding many-body
states can tell us if the two GQs are attractive or re-
pulsive. We can clearly see that such interaction is me-
diated by neutral excitations, or LQ-quasiparticle pairs.
Thus with Vˆ 2bdy1 , the GQs are strongly attractive with
the interaction energy increasing with the quasihole sep-
aration, mimicking the “asymptotic freedom” for quark
system where the neutral excitations play the role of “glu-
ons”. With Vˆ 2bdy3 , however, GQs are repulsive (see Fig.
2). Thus with realistic interactions, the GQs can be ei-
ther bounded, weakly bounded or unbounded.
Nematic FQH state as the quantum critical point –
Let us first compare the Laughlin model state in Eq.(2)
with the Haffnian model state with the following root
configuration[32, 33]:
1100◦0◦01100◦0◦0 · · · 1100◦0◦011 (5)
Both the many-body states of Eq.(2) and Eq.(5) are zero
energy states of Hˆg, and are thus linear combinations of
the Gaffnian Jack polynomials. From the reduced density
matrix near the north pole, we can see that the Laughlin
state is made of bound GQs, but the Haffnian state is
made of unbounded GQs. From Fig.(2) we thus expect
the Haffnian state to have extensive variational energy
with respect to Vˆ 2bdy1 .
We can now have a better understanding of the dynam-
ics of the magnetoroton modes for the Laughlin phase at
ν = 1/3, with the following root configurations [22, 34]:
1100◦0◦0◦1◦001◦001◦00 · · · L = 2 (6)
11000◦1◦0◦00◦1◦001◦00 · · · L = 3 (7)
...
Even though these are no longer Jack polynomials, we
know immediately from LEC that the entire branch of
the magnetoroton mode lives in HG (i.e. zero energy
states of Hˆg). The quadrupole excitation at L = 2 is
also the zero energy state of the Haffnian Hamiltonian
Hˆh [35]. With the Vˆ
2bdy
1 interaction, the quadrupole
excitation has higher energy because it consists of an un-
bounded pair of GQs. In contrast, the dipole excitations
in the limit of large L define the incompressibility gap
and consist of LQs that are made of bounded GQs. Thus
the roton minimum is the result of the Vˆ 2bdy1 favouring
bound states of GQs.
The nematic FQH state, an experimentally observed
phase where the quantum Hall plateau coexists with the
anisotropic longitudinal transport at low temperature
[27, 36–38], is believed to result from the quadrupole ex-
citations going soft at ν = 2 + 1/3. Its underlying micro-
scopic mechanism, however, is still not fully understood
[35, 38]. To explain this mechanism from the interaction
between GQs, we use the following microscopic model
within HG:
Hˆ (λ1, λ2) = Hˆh + λ1Vˆ
2bdy
1 + λ2Vˆ
2bdy
3 (8)
Given the assumption that Vˆ 2bdy1 is incompressible at
ν = 1/3, we know Hˆ (λ1, 0) is also incompressible for
any positive λ1. With λ2 = 0 and small λ1, the dipole
excitations (and thus the charge excitations) are gapped
by both Hˆh and Vˆ
2bdy
1 . The lowest energy excitation is
given by the quadrupole excitation in the L = 2 sector in
Hˆh. A “linear” dispersion in the even L sector can be seen
(Fig.(3)). They correspond to the multiple quadrupole
excitation states with unbound GQs, with the following
root configurations[39]:
110000100100100100100100 · · · L = 2 (9)
110000110000100100100100 · · · L = 4 (10)
...
Let us denote the neutral gap of the system to be ∆n,
and the dipole or charge gap to be ∆c (both with respect
to the lowest energy state in the L = 0 sector). The
nematic FQH is realised in the regime of ∆n  ∆T  ∆c
as given by the λ1  1, λ2 = 0 model, where ∆T is
the energy scale of the temperature or disorder in the
system. We can also make the nematic FQH phase more
robust by increasing λ2. This is because Vˆ
2bdy
3 punishes
the Laughlin ground state and dipole excitations (they
4consist of bound GQs), while energetically favouring the
quadrupole excitation (see Fig.(3d)).
By increasing λ2 from zero, we enter the regime
where the quadrupole excitation becomes gapless in the
thermodynamic limit. Here the dispersion of multiple
quadrupoles becomes truly linear[40] in the long wave-
length limit with an effective velocity vg. At the QCP,
vg = 0, implying the Laughlin state and the Haffnian
state become degenerate. We thus expect that tuning of
λ2 allows us to access a Haffnian-like phase at ν = 1/3
with topological shift S = −4 (in contrast to S = −2 for
the Laughlin phase)[41].
While Eq.(8) is an artificial toy model, it is actually
more realistic than it appears. The mean-field interac-
tion Hˆ2bdyh = Hˆh+Hˆ
∗
h , where Hˆ
∗
h is the particle-hole con-
jugate, is a rather physical short range two-body interac-
tion (consisting of Vˆ 2bdy1 , Vˆ
2bdy
3 , Vˆ
2bdy
5 ). In the thermo-
dynamic limit, replacing Hˆh with Hˆ
2bdy
h in Eq.(8) may re-
tain the qualitative features of the original model[42, 43].
In higher LLs, three-body interactions also arise from LL
mixing, which can play an important role to the physics
near the QCP [44].
In Fig.(3) we show the transition between the dipole
excitations and the quadrupole excitation as we increase
λ1, λ2. While the mixing of the two branches of excita-
tions complicates the dynamics of the neutral excitations,
the softening of the quadrupole excitation at L = 2 sector
is not affected, since there is no competing single-dipole
excitation in this sector. The condition of ∆n  ∆c is
also maintained for a large parameter range.
Unlike the dipole excitations, states containing
quadrupole excitations (e.g. Eq.(9) and Eq.(10)) have
uniform electron density in the thermodynamic limit.
They are thus conjectured to be related to the nematic
Goldstone mode proposed in the effective field theories
[37, 45]. Thus for the effective field theory to be rel-
evant to the nematic FQH, the microscopic interaction
has to gap out all states not in HG. The effective theory
also assumes ∆n < 0 < ∆c with vg > 0 in the nematic
phase. Microscopically, since the ground state energy,
quadrupole and dipole energies are fundamentally deter-
mined by the dynamics of GQs, the likely scenario rele-
vant to the experiments is for 0 < ∆n < ∆T < ∆c with
vg ∼ ∆nlB . For ∆n < 0 we are no longer in the Laughlin
phase and vg < 0 and may not have a charge gap.
Experimental signatures of quasihole fractionalisation–
Unlike Vˆ 2bdy1 or VˆLLL, the interaction close to the nematic
FQH no longer heavily punishes unbounded GQs. This
can also been seen from the root configuration of an un-
bounded pair of GQs in Eq.(4). The interaction between
them is mediated by quadrupole-like neutral excitations
(satisfying LEC condition {2, 1, 2} ∨ {6, 2, 6}), instead of
the dipole-like ones (satisfying {2, 1, 2}∨ {5, 2, 5}). Thus
near the nematic FQH phase, ∆n  ∆c implies an in-
compressible phase (with Hall plateau at ν = 1/3) and
thermally excited quasiholes of charge e/6. Unlike indi-
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FIG. 3: Energy spectrum for system with 10 electrons and 28
orbitals evaluated in the Haffnian subspace (blue triangles)
and the complement of the Haffnian subspace in the Gaffnian
subspace (red crosses). The dipole and quadrupole excita-
tion branches are highlighted in red and blue dotted lines,
respectively.
vidual quarks that are confined to very small length scales
and are thus unobservable, at the Laughlin phase e/6
GQs are bound at the order of a few magnetic lengths.
Near the QCP and at finite temperature the separation
of GQs can be significantly larger. We thus expect e/6
charge to be observable in the bulk with single electron
tunnelling experiments[46].
We also predict a quasihole phase transition at the
incompressible Laughlin phase at some critical tempera-
ture, similar to the BerezinskiiKosterlitzThouless (BKT)
transition[47, 48]. Let n, n e
6
be the density of addi-
tional magnetic flux to the ground state, and of GQs
with charge e/6, respectively. The average distance be-
tween any two GQs is thus d¯ ∼ 1/√n e
6
. From Eq.(4) and
the linear dispersion in Fig.(3), the average energy cost
is proportional to the number of quadrupole excitations
between two fractionalised GQs, with ∆E ' ∆¯nd¯2, ∆¯n =
∆n/
(
3pi2l2B
)
. We can thus define dimensionless quanti-
ties n¯ = n e
6
/n and β¯ = βn−1∆¯n, β = (kBT )
−1
, satisfying
the following[30]:
n¯
(
1 + eβ¯/n¯
)
= 2 (11)
There is thus a critical temperature given by β¯c =
0.55693. The n¯ > 0 solutions, implying a finite density of
e/6 quasiholes, only exist for T > Tc with the following:
Tc = Tn
2
3piβ¯c
(
δB
B0
)−1
(12)
where Tn = ∆n/kB is the quadrupole gap temperature;
B0 is the magnetic field at the center of the ν = n+ 1/3
plateau, and δB is the deviation of the magnetic field
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FIG. 4: (a) The relative density of GQs and NQs, n¯, as a func-
tion of reduced temperature β¯. (b) n¯ is obtained by solving
n¯ = 2e−β/n¯/(1 + e−β/n¯) [30] The solutions are marked with
crosses. At β¯c there is a unique solution. (c) Relative density
as a function of additional magnetic field and temperature, as
obtained from Eq.(11)
from B0 on the quasihole side. This critical temperature
depends on both the quadrupole gap ∆n (and thus the
interaction) and the flux density n. We can reduce Tc
by realising the FQH state at lower magnetic field, and
doing the measurement near the edge of the Hall plateau
(thus with larger δB). More importantly, we need to
lower Tn by tuning the interaction, and we know Tn ∼ 0
can be potentially achieved in experiments [27, 36–38].
Lower Tc is preferred because the e/6 quasiholes are only
observable if kBTc is smaller than the charge gap. We
expect such a window to exist in higher LL and near
the nematic FQH phase. It is thus important to note
that the robustness of the Hall plateau at ν = n+ 1/3 in
experiments does not automatically imply well quantised
quasiparticle charge of e/3 in shot noise or tunnelling
experiments.
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S1
Online supplementary material for “Fractionalisation and dynamics of anyons at
ν = n+ 1/3 in fractional quantum Hall effect and their experimental signatures”
In the first part of this supplementary, we elaborate on how the Laughlin state can be viewed
as a fluid of Gaffnian quasiholes (GQs), and illustrate the splitting of the Laughlin quasihole
(LQ) by contrasting the electron density obtained from the Jack polynomial corresponding
to the split GQ pair with that of the Laughlin wavefunction. Next, we present the spectrum
obtained from full ED of systems near the QCP. The subsequent sessions present detailed
calculation on the separation energy of the GQ pair, and the temperature dependence of
the GQ density in a system.
S1. LAUGHLIN STATE DESCRIBED BY GQS
In this section, we discuss in detail how the Laughlin
state can be viewed in terms of the Gaffnian quasiholes.
The first thing to note about this picture is that the
Gaffnian state (ν=2/5) is denser than the Laughlin state
(ν = 1/3). To be precise, we look at the commensurabil-
ity conditions of both the states. Given the same number
of electrons Ne, the number of orbitals in the Laughlin
ground state, NLo , and in the Gaffnian ground state, N
G
o
can be expressed as
NLo = 3Ne − 2 (S13)
NGo =
5
2
Ne − 3 (S14)
This means that compared to the Gaffnian ground state,
the Laughlin ground state has additional orbitals. Re-
call that adding one orbital to the Gaffnian ground state
yields two Gaffnian quasiholes (GQs). We can there-
fore view the Laughlin ground state as a fluid of NGQ
Gaffnian quasiholes where
NGQ = 2(N
L
o −NGo ) = Ne + 2 (S15)
The root configuration of the Jack polynomial corre-
sponding to the Laughlin state is given by:
1◦1◦001◦001◦001◦001◦001◦001◦001◦1◦ (S16)
in the L = 0 sector, implying it has rotational symmetry
on the sphere (i.e. translational symmetry in the thermo-
dynamic limit). The empty circles below the configura-
tion denote the positions of the GQs, which is where there
are fewer than two electrons in five consecutive orbitals.
We see that in the bulk, the GQs are evenly spaced, with
one GQ every three orbitals.
This picture also explains an apparent paradox: we
know that a GQ has a charge of e/5 with respect to
the Gaffnian ground state. However, separating an LQ,
which has a charge of e/3, yields two charges of e/6 each.
The discrepancy is due to the fact that going from using
electrons as the degree of freedom to the GQs, we have to
account for the different background charge of the ground
state. In the GQ picture, the Laughlin ground state has
a charge density of (e/5) × (1/3) = e/15, where 1/3 is
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FIG. S1: Finite size scaling of the ratio between the dimension
of the Gaffnian sub-Hilbert space and the dimension of the
full Hilbert space for the Laughlin ground state (blue line)
and the one-quasihole state (orange line).
the density of the GQ. This is exactly the discrepancy
between the additional single-GQ charge in the electron
degree of freedom and that in the GQ degree of freedom.
Thus with respect to the Laughlin ground state, each GQ
carries a charge of e/6.
S2. SEPARATION OF THE GQ PAIR AS SEEN
IN ELECTRON DENSITY
Fig. 2a-b in main text shows the difference in vari-
ational energies of the state where the two GQs are
bounded at the north pole and the state where the two
GQs are separated, each residing at one pole. The states
were obtained from the Jack polynomials with α = −3/2
and roots given by:
1.
O
. 0◦1◦001◦001◦001◦001◦001◦001◦001◦1◦ (S17)
1. 1◦
O
0◦10
H
10◦0
O
0◦10
H
10◦0
O
0◦10
H
10◦0
O
0◦10
H
10◦1◦
O
1. (S18)
(Eq. (3) and (4) in main text).The location of the quasi-
holes can be read off from the root configuration.
Here we show that the fractionalisation of the Laughlin
quasiholes indeed leads to anyons with charge e/6. We
calculate the electron density at each orbital from each
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FIG. S2: Electron density calculated from Jα=−201001001001.. (blue
line) and J
α=−3/2
01010001010001.. (red line) for system with 12 elec-
trons. The y-value is off-set by the average electron density
(12/35) so that a negative value means a lack of electrons, i.e.
a hole.
Jack polynomial. This is done by taking the correspond-
ing Jack polynomials, Jα=−201001001001.., for the bounded GQ
pair at the north pole, and J
α=−3/2
01010001010001.., for the sep-
arated GQs at the two poles. Jα=−201001001001.. is also the
Laughlin state. Each monomial in the Jack polynomial is
squeezed from the root configuration - we can treat each
term as a different electron distribution whose probablity
is given by the square of its coefficient. The average elec-
tron density can then be calculated accordingly.
Fig. S2 shows the average density per orbital, calcu-
lated for a system of 12 electrons and 35 orbitals. The y-
axis is offset by the total average electron density (12/35)
so that a negative value implies a hole. We see that the
for the state with the root given in Eq.(S17), the quasi-
hole is strongly localized at the left-most orbital (north
pole). For the state with the root given by Eq.(S18),
the wavefunction is more spread out, with two prevalent
holes at either poles. We can also infer from the sym-
metric profile that the GQ pairs must be split.
S3. FULL ED SPECTRUM NEAR QCP
In Fig. 3, the spectrum was calculated in the Gaffnian
sub-Hilbert space, which was demonstrated to be very
good at capturing the low-lying energies even for the 1LL
Coulomb interaction. To see that this is also true in par-
ticular for an interaction near the QCP, we show in Fig.
S3 the spectrum calculated from exact diagonalization for
the same interactions presented in Fig. 3. We note the
prominent magnetoroton branches in Fig. S3a-b, and the
emergence of a low-lying linear branch in fig S3c-d, which
match the descriptions of the dipole and quadrupole ex-
citation branches discussed in the main text.
S4. SEPARATION ENERGY OF THE LAUGHLIN
QUASIHOLE
In this section, we give a formula for the separation
energy of the Laughlin quasihole in terms of experimen-
tally relevant quantities. To separate the GQ pair, i.e.
going from Eq.(S17) to Eq.(S18), one can go through a
series of root configurations as follow:
1. 1◦
O
0◦10
H
10◦0
O
0◦1.001◦001◦001◦001◦001◦1◦ (S19)
1. 1◦
O
0◦10
H
10◦0
O
0◦10
H
10◦0
O
0◦1.001◦001◦001◦1◦ (S20)
1. 1◦
O
0◦10
H
10◦0
O
0◦10
H
10◦0
O
0◦10
H
10◦0
O
0◦1.001◦1◦ (S21)
In other words, separating the two GQs is achieved by
creating Laughlin neutral excitations (NEs) between the
them. It is from this observation that we say that the
interaction between the two GQs are mediated by the
Laughlin NEs. The dynamics of the GQs depend largely
on the number of these NEs.
In Fig. 2c-d in the main text, we see that the separa-
tion energy is (almost) proportional to the number of NEs
between the GQs. Since the system is two-dimensional,
the number of NEs is, in turn, proportional to the area,
thus, we can write ∆E ∝ d¯2, or
∆E = ∆¯nd¯
2 (S22)
where ∆E is the separation energy, d¯2 is the distance
between the two GQs, and ∆¯n is a constant that we will
deduce as following (after which the choice of notation
will be clear).
Assuming that the GQs are evenly distributed in the
system, the average distance between two GQs quasihole
can be determined from the density of the GQs, n e
6
:
d¯ =
1√
n e
6
(S23)
To determine ∆¯n, we write
∆¯n =
∆E
d¯2
(S24)
Consider on the sphere a state with a single separated
GQ pair, each localized at a pole. The distance between
them is equal to the length of the arc connecting two
poles, given by
d = piR (S25)
where R is the radius of the sphere. R can be expressed
in terms of other variables:
R2 =
~cs0
eB
(S26)
where s0 is the strength of the magnetic monopole at the
center of the sphere, e is the electron charge, and B is
the magnetic field strength on the surface of the sphere.
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FIG. S3: Energy spectrum for system with 10 electrons and 28 orbitals obtained from exact diagonalization.
Next, we can also approximate ∆E in this case. We see
from Eq. (1) that for a system with Ne electrons, with
one GQ at the north pole and the other at the south
pole, the separation requires Ne/2 neutral excitations.
Assuming that the NEs do not interact (as supported by
numerical evidence), the energy cost for this is equal to
Ne/2 times the energy required to create one neutral ex-
citation. This can be approximated with ∆n, the neutral
gap described in main text. This is a parameter that
depends on the experimental details. In general, as seen
from Fig. 3 of main text, the closer the system is to the
nematic phase, the smaller ∆n is.
Putting these information together, the separation en-
ergy on the sphere is approximately:
∆E ≈ Ne
2
∆n =
3No
2
∆n =
3(2s0 + 1)
6
∆n (S27)
Here No is the number of orbital, which equals to 3Ne
in the Laughlin phase in the thermodynamic limit, and
also to 2s0 + 1 on the sphere. Substituting the results
in Eq.(S25), (S26), and (S27) to Eq.(S24) and taking the
limit s0 →∞, we obtain
∆¯n =
∆n
3pi2l2B
(S28)
We see that ∆¯n represents a “reduced” neutral gap
(hence the choice of notation). It depends on the neu-
tral gap of the system and the strength of the external
magnetic field, both of which are tuneable parameters in
experiment.
Note that even though we rely on the spherical geome-
try for some of our calculation, the general dependence of
∆E on experimental parameter must be universal, with
a possible scale factor in other geometries (e.g. disk).
The separation energy depends on the number of GQs,
the applied magnetic field, and the neutral gap of the
system:
∆E =
∆n
3pi2l2B
1
n e
6
(S29)
S5. DENSITY OF THE GAFFNIAN QUASIHOLES
Knowing the separation energy allows us to approxi-
mate the densities of GQs and LQs in at finite tempera-
ture. We use a simplistic model, assuming each LQ is a
two-level system: a bound state, and an unbound state
with two separated GQs with energy ∆E. Following the
Boltzmann distribution, the ratio of density of GQs, n e
6
,
to the density of LQs, n is
n e
6
n
=
2e−β∆E
1 + e−β∆E
(S30)
The factor of 2 is due to the fact that splitting one LQ
yields two GQs. We define the reduced density,
n¯ =
n e
6
n
(S31)
S4
and the reduced temperature
β¯ =
β∆¯n
n
(S32)
We then get
n¯ =
2e−β¯/n¯
1 + e−β¯/n¯
(S33)
Solving Eq.(S33) gives the relative density of GQs to LQs
in a system at finite temperature. This equation can also
be simplified to
n¯
(
1 + eβ¯/n¯
)
= 2 (S34)
which is the same as Eq.(18) in the main text.
Let fβ¯(n¯) =
2e−β¯/n¯
1+e−β¯/n¯ . The possible values of n¯ are the
solution to n¯ = fβ¯(n¯). The solutions can be visualized
as the intersection points of the graphs of y = x and
y = fβ¯(x), as shown in Fig. 4b in main text. We first
note that fβ¯(0) = 0 for all β¯, so there is always at least
one solution. Either this is the only solution, in which
case the system is in the regime of the Laughlin phase,
where the Hamiltonian is closed to the model Hamitonian
V 2bdy1 , or there can either be one or two other positive
solutions (Fig. 4b, main text).
There exists a unique value of β¯ at which there is only
one non-zero value of n¯ that satisfies (S33). Let this value
be β¯c, and the non-zero solution be n¯c. Noting that under
this condition, the graph of y = fβ¯c(x) is tangential to
y = x at x = n¯, we can determine β¯c and n¯ by solving
the simultaneous equations:
n¯c = fβ¯c(n¯c) (S35)
1 = f ′¯βc(n¯c) (S36)
Solving this numerically yields β¯c = 0.557 and n¯c =
0.436. A pair of non-zero solution exist for β¯ < β¯c. One
solution approaches zero as T →∞. This is the “trivial”
case where the splitting of the GQ pair is not favourable
and only LQs are observed in the system. The other solu-
tion approaches unity as T →∞. This is also favourable
because the denser the GQs are in the system, the smaller
the average distance between any two of them are, which
lowers the variational energy. When a system prepared
in the Laughlin regime is tuned past the critical point βc,
it spontaneously becomes a mixture of the two solutions.
From Eq. (S31) and (S32), we can express the reduced
temperature in terms of physical quantities, noting that
ne/6 = δB/Φ0 where δB is the additional magnetic field
and Φ0 = h/e is the flux quantum.
β¯ =
2Tn
3piT
(
δB
B0
)−1
(S37)
where B0 is the magnetic field strength at the center of
the 1/3 plateau, and Tn = ∆n/kB is the quadrupole gap
temperature. This expression shows how the tuneable
quantities T , Tn, and δB can affect β¯ and as a result
affect the GQ density (see Fig. 4c in main text).
Eq. (S37) can be inversed to express the temperature
in terms of β¯ and other variables. In particular, we find
that the critical temperature is:
Tc =
2Tn
3piβ¯c
(
δB
B0
)−1
(S38)
which is the same as Eq. (12) in main text.
S6. MODEL WAVEFUNCTIONS CONTAINING
MULTIPLE QUADRUPOLE EXCITATIONS
For a many-body state containing one quadrupole ex-
citation at ν = 1/3, the root configuration is given by:
1100001001001001 · · · (S39)
There is a unique highest weight state containing only
basis squeezed from this root configuration, using the
scheme described in Ref.[]. Let this many-body state be
|ψqp〉, it is the highest weight state uniquely determined
by the following constraint:
Vˆ 2bdy1 cˆ0cˆ1|ψqp〉 = 0 (S40)
where Vˆ 2bdy1 is the model Hamiltonian for the Laughlin
state (the Haldane pseudopotential), while cˆk annihilates
an electron in the kth orbital from the north pole. Physi-
cally, this implies by removing the quadrupole excitation
at the north pole, the state relaxes back to the Laughlin
ground state, as it should be.
Many-body states containing multiple quadrupole ex-
citations, e.g. Eq.(10) in the main text, can be similarly
determined unambiguously. Let |ψk-qp〉 be the highest
weight state containing k quadrupole excitations at the
north pole, it can thus be uniquely determined with the
following constraint:
Vˆ 2bdy1 cˆ0cˆ1cˆ4cˆ5 · · · cˆ2k−2cˆ2k−1|ψqp〉 = 0 (S41)
which is the state in the L = 2k sector. Again, the state
relaxes back to the Laughlin ground state far away from
the north pole, where all the quadrupole excitations are
piled.
